DIFFERENTIAL OPERATORS AND CHEREDNIK ALGEBRAS 



V. GINZBURG, I. GORDON, AND J. T. STAFFORD 



Abstract. We establish a link between two geometric approaches to the representa- 
tion theory of rational Cherednik algebras of type A: one based on a noncommutative 
Proj construction [GSlj : the other involving quantum hamiltonian reduction of an 
algebra of differential operators |GG) . 

In the present paper, we combine these two points of view by showing that the 
process of hamiltonian reduction intertwines a naturally defined geometric twist functor 
on ^-modules with the shift functor for the Cherednik algebra. That enables us to 
give a direct and relatively short proof of the key result [GSII Theorem 1.4] without 
recourse to Haiman's deep results on the n\ theorem [Hal] . We also show that the 
characteristic cycles defined independently in these two approaches are equal, thereby 
confirming a conjecture from [GG) . 
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1. Introduction 

1.1. Throughout, W = Sn will denote the n^^ symmetric group for some n > 2. For 
a parameter c G C we write He for the Cherednik algebra of type W with spherical 
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subalgebra Uc = eHcC, where e = j^yy X^ujeVF ""^ £ He is the trivial idempotent. (The 
formal definitions of this and related concepts can mostly be found in Section [21 ) 

Cherednik algebras have been influential in a wide range of subjects, having been 
used for instance to answer questions in real algebraic geometry, integrable systems, 
combinatorics, and symplectic quotient singularities. They are also closely related to the 
Hilbert scheme Hilb" of points in the plane, a connection that was formalized in [GSl] 
and |KRj . where it was shown that one can describe Uc as a kind of noncommutative 
deformation of Hilb"C^. This was then used in [GSlt IGS2| to apply the geometry of 
Hilb" C'^ and Haiman's work on the n\ conjecture |Hal| to analyse the representation 
theory of He- In the process one finds that important classes of representations of the 
Cherednik algebra correspond to important classes of sheaves on the Hilbert scheme and, 
through them, to important combinatorial objects. 

1.2. There are two main aims in this paper. First, the proof of the main result from 
[GSl] . Theorem 1.4, is heavily dependent on [Halj and so one would like to obtain a 
proof of that result that is independent of Haiman's work, not least because one may 
then be able to apply Cherednik algebra techniques to the study of Hilb" and related 
combinatorial objects. Second, there are two different ways to relate representations 
of the Cherednik algebra He to geometric constructions and in particular to the Hilbert 
scheme: through the noncommutative geometry approach of [GSl] mentioned above; and 
through quantum hamiltonian reduction of the GL„(C)-equivariant space 0l(C) x C", as 
in [GG] . One would like to understand the relationship between the two approaches. 

In this paper we solve both these problems by using quantum hamiltonian reduction 
to give an alternative and shorter proof of [GSll Theorem 1.4] without recourse to [Hal] . 
This also clarifies the relationship between the two approaches, for example showing 
that the characteristic cycles defined independently in [GS2] and [GG] are actually equal, 
thereby confirming a conjecture of [GG] . 

Before we describe these results in detail we need to introduce some notation. 

1.3. Let t) = denote the permutation representation of W and write Y'^^ = 

where 5 = Y\i^j{xi — xj) G C[l)] is the discriminant; equivalently the subset of f) 

on which W acts freely. The algebra Uc will be identified through the Dunkl embedding 
with a subalgebra of ^(t)^*^^) * W, the skew group ring of W with coefficients in the ring 
of differential operators on f)'''^^. 
Set 

C = {cGC:c= — where o, 6 € Z with 2 < b < n}. 

A scalar c E C is called good provided that c C H (—1,0). The point of the definition 
is that the good values of c G C are the ones for which [GSl] and [BE] show that Uc has 
pleasant properties (see also Remark l2.4p . 
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1.4. For a G C, set 



aPa-i = eHa6e and a-iQa = e6 H^e. 
By induction, for a £ b + Z>2, define 

aPb = {aPa-l)-{a~lPb) and bQa = (bQb+l) ' (b+lQa) ■ (1.4.1) 

In these equations, the multiphcation is taken inside ^(f)'^'^^) * W and this makes both 
aPb and aQfe into (Ua, Ub)-bimodules. 

The key to \GS1\ IGS2j is the construction of a X-algebra B = ©j>j>o(c+jPc+j) 
endowed with a natural matrix multiplication. The ring B has a natural filtration 
induced from the differential operator filtration F on &{^^'^^) * W and the main result 
|GSH Theorem 1.4] showed that if c + i is good for all i £ N, then the associated graded 
ring grp B of B is the Z-algebra associated to Hilb" C^. This provides the bridge between 
Cherednik algebras and Hilbert schemes. 

1.5. There is another way of passing from He to a more geometric setting which uses 
the hamiltonian reduction from |GGj . This works as follows. Write V = C" and set 
G = GL(V) with Lie algebra g = qI{V). If 6 = g x 1/ with its natural G-action, then 
[GG] shows that Uc = . Ic+i)^ for an appropriate ideal Ic+i of f/(g) (see 
Section 12.61 for the details). One of the main results of this paper shows that there is 
a natural interpretation of the aQb in terms of this hamiltonian reduction. Indeed, set 
T>c+i = ^(0)/^(0) . Ic+i and, for m e Z, consider the space of semi-invariants 

S^fr = {D^ Sc+i ■.g-D = detigr'^D}. 

1.6. It is easy to check that D^f^ " is a (Uc-m; Uc)-bimodule and our first main result 
shows that it is a familiar object: 

Theorem. Fix c € C and an integer m > 1 so that each of c — l,c — 2, ...,c — m + 1 
is good {this is automatic if m = 1). Under the differential operator filtration on the two 
sides there is a filtered {[]c-m,^c)-bimodule isomorphism 

0c,m • ^ c~mQc- (1.6.1) 

This also leads to a description of cPc-m in terms of the 'S'^'^i (see Lemma l5.6p . 

The idea behind the proof of this theorem is easy to describe. One first shows that, 
like c-mQc) the (Uc-m) Uc)-bimodule S^+i ™ i^ naturally embedded into U^'^s = Uc[5~^]. 
Moreover, both of these bimodules are reflexive on at least one side (see Corollary 13.71 
and Lemma [4.4p . The theorem is then proved by showing that such a bimodule is unique 
(see Theorem 13. 5p . 
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1.7. Set = C[f| X with powers under multiplication in C[f) x f)*]. Using 
Theorem II .61 we are also able to to give a direct and relatively short proof of the following 
result, which is essentially [GSl^ Theorem 1.4] and is one of the central results from that 
paper. 

Theorem. Keep the hypotheses of Theorem \1.6^ thus c — l,...,c — m + 1, are all good. 

(1) Under the differential operator filtration T, one has grp(c-mQc) = d~"^A"^e inside 
grp U^°s = Cit)'"^ X [)]e. 

(2) Similarly, grr(cPc-m) = A'"5™e. 

Crucially, and unlike the original proof of |GS1|. Theorem 1.4], the proof of Theorem [LT] 
does not depend upon Haiman's work |Hal] . 

1.8. As was remarked earlier, passing from finitely generated filtered Hc-modules to 
coherent sheaves on Hilb" via the Z-algebra B = ®m>o c+m^c provides a powerful 
technique for studying the representation theory of Uc and He, see |GSH [GS2] . Under 
this relation, |GSH Corollary 1.9] shows that the regular representation He corresponds 
to the Procesi bundle V: this is a vector bundle of rank n! over Hilb" C'^ whose fi- 
bres carry the regular representation of Sn, see |Hal| . These fibres describe Macdonald 
polynomials and have deep connections with many areas of representation theory and 
algebraic combinatorics. 

One may hope to use Theorem 11.71 and the representation theory of He to provide a 
new construction of V which will explain many of its properties. This goal is still out 
of reach. Furthermore, the more detailed relationship between the category Hc-mod of 
finitely generated left Hc-modules and the category Coh(Hilb"C^) of coherent sheaves 
on Hilb" established in |GS2] is itself dependent upon several important properties of 
the construction of V in |Hal| . So there is much to understand. 

1.9. In the second part of the paper we use Theorems 11.61 and 11.71 to relate other 
structures appearing in the Z-algebra and quantum hamiltonian reduction constructions. 
These are concerned with the functor of hamiltonian reduction 

ie : (^_c(X),5L(y))-mod — > Uc-mod 

where X = g x P"-i and (^_c(X), SL{V))-mod denotes the category of finitely generated 
5'L(y)-equivariant ^-modules on X that are nc-twisted on P""^. The functor He is 
defined formally in (j6.6p but, up to a shift, is given by J-" i — > j:SL{v) ^ This functor 
has been used for example in |FGj to relate representations of Uc with generalisations of 
Lusztig's character sheaves. 

Working with S'{X) rather than &{<3) is not particularly significant since one can 
pass from the latter to the former by taking invariants under the central subgroup 
C GL{V). What is significant is that there is now a natural translation func- 
tor S*" : (^_c(X),5L(y))-mod ^ {&^c~m{X), SL{V))-mod given by tensoring with 
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the sheaf Op(y)(nm) on P(l^). On the other hand, one has the translation functor 
c+mPc {—) ■ Uc-mod — i- Uc+m-mod; when c, c + 1, • • • , c + m are good this is an equiv- 
alence of categories that plays a crucial role in \GS1\ IGS2] , analogous to the translation 
principle in Lie theory. As we prove, it also has a natural description in terms of Mc and 
its left adjoint """He. 

Theorem. Assume that n > 2 and that c € C \ Q<o- Then, for all integers m > 0, 
there is an isomorphism of functors Hc+m o S"^ o '^Mc{—) = c+mPc (^Uc (~) ^^^^ makes 
the following diagram commute 

(^_,(X),5L(F))-mod ^ (^_(,+„)(X),5L(F))-mod 



c+mPc®Uc(-) ,, , 

Uc-mod ^ Uc+m-mod 

1.10. A useful tool in the study of Cherednik algebras, just as for Lie algebras, is the 
concept of the characteristic cycle of a Uc- module (this is the same as the characteris- 
tic variety, except that it counts multiplicities of the irreducible components). In fact 
there are two completely different constructions of characteristic cycles of Uc- modules on 
Hilb^C^: the first, ch*^"^, uses the Z-algebra approach form [GSlj : the second, ch*^*^, is 
defined using the machinery of hamiltonian reduction. In our final result we prove that 
these two constructions agree, thereby confirming a conjecture from \GG\ (7.17)]. 

Theorem. Assume that n > 2 and that c € C \ Q<o- Then for any finitely generated 
Dc-module M one has an equality of algebraic cycles ch'^'^(M) = ch'^^(M). 

1.11. The paper is organised as follows. In Section [2] we introduce the basic notation 
and background material. Section [3] is the key to the paper: it gives a uniqueness result 
for reflexive (Uc+m, Uc)-bisubmodules of &{\:}'^^^) * W. We use this in Section [J] to prove 
Theorem 11.61 in the special case when m = 1, while in Section [5] we extend this to prove 
Theorems 11.61 and 1 1 . 71 in general. In Sections [6] and [7] we prove slightly stronger versions 
of Theorems II. 91 and II. 101 respectively, which also include the case n = 2. Finally in the 
appendix we give a detailed proof of the version of hamiltonian reduction that we need, 
since it does not follow directly from that in |GG| . 

2. Notation and hamiltonian reduction 

2.1. Differential operators. Let G be a reductive algebraic group with Lie algebra 
g = Lie{G) and write U{q) for the enveloping algebra of g. Let X be a smooth affine 
algebraic variety with coordinate ring C[X] and ring of regular algebraic differential 
operators &{X). Assume that G acts algebraically on X. This gives rise to a locally- 
finite G-action on C[X] and &{X) via the formulae: 

{g ■ f){^) = fig-' ■ ^) and {a ■ e)U) = g ■ {e{g-^ ■ /)), (2.1.1) 



for 5 G G, / G C[X], 9 G 2{X) and x G X 

We should emphasise that this is not the action used in [GGj and [BFGj : those papers 
impUcitly use the rule {g ■ f){x) = f{g ■ x) for g e G, f e C[X] and x e X. (See |GGt 
Equation A4] and the comments after |BFGt Lemma 5.3.3].) 

The action of G on C[X] and ^{X) is by given algebra automorphisms, and we let 
&{X)'-' C &{X) denote the subalgebra of G-invariant differential operators. The action 
of G on X gives rise to a g-action on C[X] by derivations and this induces a Lie algebra 
map T : g — > Der(C[X]) C ^(X). This extends uniquely to an associative algebra 
morphism r : U{q) &{X). 

2.2. Given a group character x : G — > and a G-module M, write 

= {m e M I g ■ m = xid)^-, ^9 G G} 

for the corresponding x-isotypic component. Abusing notation, we also write x ^ S ^ C 
for the differential of the group character x- 

Let : — > C be a Lie algebra character and write I^, for the two-sided ideal in U (5) 
generated by the elements {x — v{x) : x G g}. It is standard that multiplication in 3i{X) 
induces an algebra structure on the space of G-invariants [^(X)/^(X)r(/i^)]*^, |BFG[ 
Section 3.4], called the quantum hamiltonian reduction of Sl{X) at v. Similarly, for a 
character x of G, the next lemma shows that we obtain a natural bimodule structure 
for the isotypic component [^(X)/^(X)r(/^)]'^. For notational simplicity we will often 
write Si{X)Iy in place of ^(X)r(/^). 

Lemma. Let x : G — > be a group character and v : g — > C a Lie algebra character. 
Multiplication in the algebra S!{X) endows [i^(X)/i^(X)r(/jy)]'^ with the structure of a 
right [S){X)/S){X)T{h)f -module and a left [S){X) / S){X)T{h+^)f -module. 

Proof. The right [^(X)/^(X)r(/,y)]*^-module structure is obvious. The differential of 
the G-action on !^{X) induces an action of r(g) by commutation: thus if x G g and 
D G &{XY then [r(x), D\ = x{x)D. Hence 

(r(x) - (i^ + x)ix))D = D{t{x) - uix)) G ^(X)r(/^) 

and so the left action of &{X)^ on [!^{X) / !^{X)T{I,y)]-'^ factors through the factor ring 
mX)/&{X)T{L+^)f. □ 

2.3. Rational Cherednik algebras. Fix a positive integer n > 2, let = Sn be the 

symmetric group and write e = S^eVK ^ ^ ^'^^ trivial idempotent. Similarly, 
let e_ = -pi^ X^^gvF ^'S"(^) ■ ^ denote the sign idempotent. Recall that = C" is the 
permutation representation of W and that 

fjreg ^ 1^^^ ^ _ _ _ ^ j g p| . _^ ^, £qj. all 1 < i < j < n} 
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denotes the subset of f) on which W acts freely. Equivalently, if {xi, . . . ,Xn} is the 
basis of f)* C C[f)] consisting of coordinate functions, then i)^^^ = 1] \ '^""'^(0) where 
6 = Yli^jixi — Xj) € C[\}] is the discriminant. There is an induced action of W on ^{i}'^^^) 
and we write ^(i)^^^) * W for the corresponding skew group ring; for D G ^(fi^'^'S) and 
w € W multiphcation is defined by wD = {w ■ D)w. 

Fix a scalar c G C and let He denote the rational Cherednik algebra corresponding 
to GLn{C). As in |EG[ Proposition 4.5], we will identify He with the subalgebra of 
S>{\f^^) * W generated by W, the vector space f)* = ^XjC C C[f)] of linear functions, 
and the Dunkl operators 



where {yi, . . . , y^} C f} is the dual basis to {xi, . . . , Xn} and the Sjk € W are simple trans- 
positions. By [EGl Theorem 1.3] there is a PBW isomorphism H^ = C[f)] €W C[[)*] 
of C-vector spaces. The spherical subalgebra of He is Uc = eHcC. 

Clearly 6^ G C[[)]^. Let U'-^s = Uc[-5-2] and H'^^s = Hc[<5-2] = Hc[5-^] be the corre- 
sponding localised algebras. By definition, = &{i))[6~^] and, by [EGj Proposi- 
tion 4.5], U''*^^ = e^([)''=s)^e = e(^(f)''^s) * W)e is independent of the choice of c. 

2.4. Remark, (i) If H[. is the corresponding S'L„(C) version of the Cherednik algebra 
with spherical subalgebra then He = H^(g)c^(Ai) and Uc = U^(8)^(A^). It is therefore 
straightforward to apply the results of (for example) [GSlj to He and Uc- 

(ii) The results in |GSlj also assumed that c ^ ^ + but this condition has since 
been removed by |BE] . So all the results in |GSH IGS2] can now be applied without 
that hypothesis. Thus, for example, |GSH Corollary 3.13] and \BE\ Theorem 4.1] show 
that if c € C is good, then Uc is Morita equivalent to He and consequently has finite 
homological global dimension. 

2.5. The order of differential operators induces a filtration on ^(l)'^^^) *Why putting 
W into degree zero. Essentially every (noncommutative) ring R or module M that 
we consider is naturally embedded as a subfactor of either ^(fj'^^s) * W or S^{X) for 
some variety X: we will call the induced filtration on R and M the differential operator 
filtration and this will usually be written as M = Uj>o ^iAf . The PBW isomorphism can 
then be rephrased as saying that there are algebra isomorphisms grp He = C[f) x f)*] * 14^ 
and grrUc = C[fi x f)*]^. 

2.6. Quantum hamiltonian reduction. Fix an n-dimensional C-vector space V and 
put G = GL{V) with Lie algebra q = qI{V) = Lie(G) D 5l{V). Write e = qxV with 
the G-action g ■ {X,v) = {gXg^^,gv) for g £ G and {X,v) £ g xV. Let 1 € g denote 
the identity. For any c € C, let Xc : — > C be the Lie algebra homomorphism defined by 




(2.3.1) 
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X c-Tr(x). For simplicity we write Ic = C U{q): thus Ic = U{Q)5ln + U{Q){l — nc). 
Much of the paper wih be concerned with the objects 



S). JTl . and 



(2.6.1) 



^(©)r(/,) 

which, following the earlier convention, are given the differential operator filtration F 
induced from that on ^((5). 

2.7. The action of 1 on C[(S] will be used a number of times in this paper and so it is 
appropriate to be explicit about it. The action of the centre of G on © is given by 
dilation in the second component: X-{X, v) = {X, Xv) for A G and {X, v) (z QxV = &. 
By (I2.1.ip . therefore acts on V* C C[V] by anti-dilation. Since the action of g is 
the differential of the G-action, this implies that the action of t(1) will be concentrated 
purely on C[V] and that it will then be the negative of the Euler operator. In other 
words, if {a} is a basis of V* C C[V] then r(l) = - Y.7=i ^ ^{V) C 

2.8. One of the main results of [GG| shows that Uc may be obtained from ^((S) via 
quantum hamiltonian reduction. 

Theorem. With the differential operator filtrations described above, there is for every 
c G C an isomorphism of filtered algebras = lic-i- This induces an isomorphism of 
graded algebras gvDf ^ gr Uc-i = C[i) x i)*]^ . 

Proof. This result is a variant of \GG\ Theorem 1.5], but since the result does not follow 
directly from the results in that paper, we give a complete proof in the appendix. □ 

3. Uniqueness of reflexive bimodules 

3.1. The way we will prove the isomorphism c-mQc of Theorem 11.61 is to 

note that both sides are isomorphic to {Dc-m, Uc)-bisubmodules of ^ii)^"^^) *W that are 
reflexive Uc-m-modules. The isomorphism will then follow once we know that such a 
bimodule is unique. The aim of this section is to prove such a uniqueness result, but 
since the idea works for more than just spherical algebras we will prove it under the 
following general hypotheses. In what follows we write GKdim(M) for the Gelfand- 
Kirillov dimension of a module M. 



3.2. Hypotheses. We assume that (5, F) is a filtered algebra over a field k such that 
grp 5 is a commutative domain. Assume that Ri and R2 are two subalgebras of S such 
that: 

(1) Each Ri is a Goldie domain with S contained in the common Goldie quotient 
ring F of the Ri . 

(2) Under the induced filtration F, the rings grp Ri are Gorenstein algebras that are 
finitely generated modules over a common graded finitely generated A:-algebra C. 
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(3) For each nonzero ideal / of Ri we have GKdim < GKdimi^j — 2. 

3.3. We first check that Hypotheses 13.21 are satisfied by Uc- 

Lemma. For i = 1,2, let Ri = ajU^-a"^ ^ S = U^'^^, for some di G C and non- 
zero Ui € U'''^^. Filter S and its subsets by the differential operator filtration. Then 
Hypotheses \3.S\ are satisfied by Ri ad R2 ■ 

Proof By [EGl Theorem f.3] and pSTl Lemma 6.8(1)], 

grr Ri = grr R2 = grr eHd.e = C[i) x ij*]^ , 

which is Gorenstein by Watanabe's Theorem |Waj . Thus parts (1) and (2) of Hypothe- 
ses follow, with C = C[i)x t)*]^. 

In order to show that part (3) holds, it suffices to work with Ri = Uc- Since [i'^^^ = 
^{t)^'^^)^ , it is a simple ring and so 6"^^ € / for some m > 0. On the other hand, there 
is a "Fourier" automorphism k of Uc that maps f) to f)*, see jEGi p. 283]. Thus, the ideal 
contains 5^" for some n > and so G / fl C [{)*]. The PBW isomorphism 

[EG! Theorem 1.3] implies that grUc — C[f) © f)*]*^ is finitely generated as a module 
over its subring C[f)]'^ Cgic C[f)*]'^. Consequently, gr(Uc//) is a finitely generated as a 
module over the algebra C[f)]'^/ ((J^™) ^£ C[f)*]^/ (o"^"), where a is the principal symbol 
of k(6). This algebra has Gelfand-Kirillov dimension at most 2dimf) — 2, and hence so 
does Uc/I. □ 

3.4. Keep the assumptions of Hypotheses 13.21 and set R = Ri. Given a non-zero 
finitely generated left ii-module M C F then |MR1 Proposition 3.1.15] shows that 
there is a canonical identification HomR(M, i?) = {/ € -F | Mf C i?}. The analo- 
gous result holds for right modules and the reflexive hull of M is the ii-module M** = 
HomR(Homi?(M, R), R) C F. Clearly M C M** and M is reflexive if M = M** . Note 
that when M = c+i^c or cQc+i as modules over either i? = Uc or i? = Uc+i these 
identifications take place inside S = D^^^. 

We will need the following application of a theorem of Gabber. 

Proposition. Keep the assumptions of Hypotheses \3.^ set R = Ri and let M be a 
non-zero finitely generated left R-submodule of F. Then M** is the unique largest left 
R-submodule M' C F containing M and such that GKdimM'/M < GKdimii - 2. 

Proof. Define the grade of a finitely generated ii-module N to be 

j{N) = mm{k : Ext^(A^, ii) / 0}. 

By Hypotheses l3.2r 2) we may apply [Bj| Theorems 4.1 and 4.3] to conclude that ii is AS- 

Gorenstein and that j{N) = GKdim ii — GKdim for all finitely generated ii-modules 

N. Thus if M C M' are finitely generated ii-submodules of F, then GKdim M'/M < 

GKdim ii — 2 if and only if j(M'/M) > 2. Such modules M' are called tame pure 
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extensions of M. By |BjE Theorem 3.6], if M' is any tame pm'e extension of M then 



there exists an injection a : M' ^ M** that is the identity on M. But since M' /M is a 
torsion i?-module, for any m' € M' there exists non-zero r ^ R such that rm! C M and 
so ra{m') = a{rm') = rm' . This proves that a{m') = m' for all m' G M' and finishes 
the proof of the proposition. □ 

3.5. We are now ready to prove our uniqueness result for reflexive bimodules. 

Theorem. Assume that (Ri, R2, S) satisfy Hypotheses \3.S\ and let M he a non-zero 
{Ri, R2) -bisubmodule of S that is finitely generated and reflexive on one side. Then it 
is reflexive and finitely generated on the other side and is the unique such object. 

Proof. By symmetry, we may assume that M is a finitely generated reflexive left -Ri- 
module; thus M = M** = HomR^ (HomR^ (M, Ri), Ri). Part (1) of Hypotheses [321 
implies that, as a left i?i-module, M C R^f for some / € 5 from which we conclude that 
grp M C (grp i?i)(T(/), where cr{f) is the principal symbol of /. By Hypotheses 13.2( 2) 
grp M is therefore a finitely generated (left) module over both gr Ri and C. But T is 
also a filtration of M as a right i?2-module. Since grp M is a finitely generated right 
C-module it is also finitely generated as a right grp i?2-™odule. Thus M is a finitely 
generated right i?2-iiiodule, see |KH Proposition 6.4]. We remark that it now follows 
from |KH Corollary 3.4] that the Gelfand-Kirillov dimension of M as a left -Ri-module 
equals that of M as a right i?2-iiiodule and we need not distinguish between them. 

Next, suppose that M is not unique and that is a second such bimodule. Let 
M = (M + N)/N; by symmetry we may assume that M ^ 0. Then M is a finitely 
generated left i?i-module, say M = Ri^i- Since R2 is an Ore domain, M is a 
torsion right ii2-iiiodule and so 

r 

I = r-annji^M = |^ r-annji^frij 7^ 0. 
i=i 

By Hypotheses [32]^3) this implies that GKdimM < GKdimi?2// < GKdimi?2-2. Thus 
we also have GKdim(Af + N)/M < GKdimi?i — 2 as left i?i -modules. Our hypotheses 
mean that Proposition 13.41 can be applied, from which it follows that C (M -|- N) C 
M** = M. By symmetry, M = N and so M is indeed unique. 

It remains to prove that M is reflexive as a right i?2-niodule, so suppose to the contrary 
that A'" = HomR2(Hom/^2(M, R2), R2) 2 By Proposition 13.41 again, it follows that 
GKdim A^/M < GKdimi22 — 2. But as M is a left i?i-module, so is A^ and so by applying 
Proposition [331 to the left i?i-modules M C AT we conclude that A^ C M** = M. □ 

3.6. In applications of Theorem 13.51 it is important to be careful to ensure that the 
bimodule structure of M is induced from that of 5; after all, for any nonzero s £ S 
the vector space Ris is an {Ri, s^^i?is)-bimodule and hence, up to isomorphism, an 
{Ri, iii)-bimodule. 
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We are going to apply Theorem 13.51 to the modules c+i^c and cQc+i from Section [Ljl 
and so it is worth emphasizing that no such problems occur here. Indeed, from [BEG2t 
Proposition 4.1], Uc = e5~^Hc+iSe as subrings of U''*^^. Therefore, the (Uc+i, Uc)- 
bimodule structure of c+iPc = eHc+i(5e is indeed induced from multiplication in S" = U^'^§. 
Similar comments apply to cQc+i- 

3.7. We are now ready apply Theorem 13.51 to c+i^c and cQc+i- 

Corollary. (1) As a right Uc-'module, c+i^c is projective whenever c is good. As a 
left \Jc+i-module, c+iPc is projective whenever c + 1 is good. For all values of c, 
the module c+iPc is reflexive on both sides. 

(2) As a left \Jc-module, cQc+i is projective whenever c is good. As a right Uc+i- 
module, cQc+i is projective whenever c + 1 is good. For all values of c, the 
module cQc+i is reflexive on both sides. 

(3) For all values of c, and under their natural embedding into \}^'^^, we have 



Proof. (1,2) A slightly weaker version of this result is given in [GSlj . but we give a 
different proof since we will need the argument later. We will just prove the result for 
Q = cQc+i; the same argument works for part (1). 

Under the differential operator filtration F, the proof of [GSll Lemma 6.9(2)] shows 
that grrQ = = C[[) x {)*]^'g" as modules over A° = C[t) x \)*]^ . By the Hochster- 
Eagon Theorem, C[f) x [)*] is a Cohen-Macaulay C[f) x f)*] ^-module and hence so is 
its summand C[^ x f)*]^'^". By |Bj, Corollary 3.12] we deduce that Q is a torsion-free, 
Cohen-Macaulay Uc+i-module in the sense that Ext(j^ ^(Q, Uc+i) = for j > 0. But, 
if c-|- 1 is good, then Uc+i has finite global dimension by [GSH Corollary 3.15] and [BE^ 
Corollary 4.3] and so this implies that Q is a projective right Uc+i-module. 

The analogous argument shows that Q is a projective left Uc-module whenever c is 
good and so for any value of c this implies that on at least one side Q = cQc+i is 
projective and hence reflexive. By Theorem 13.51 and Lemma 13.31 Q is then reflexive on 
the other side. 

(3) Since cQc+i is a finitely generated (Uc, Uc+i)-bisubmodule of that is reflexive 
on both sides, the dual module cQ*+i = Homu^(cQc+i, Uc) is a nonzero (Uc+i, Uc)- 
bisubmodule of U'^''^ which is reflexive and finitely generated as a right Uc-module. But, 
by part (1), the same is true of c+iPc- Hence cQc+i = c+iPc by Theorem 13.51 and 
Lemma 13.31 The same argument can be used to prove the rest of part (3). □ 

3.8. The following easy and well known result will be used frequently. 

Lemma. Let R, S be rings with a projective right R-module M and an {R, S)-bimodule N 
that is projective as a right S -module. Then M ®r N is a projective right S -module. □ 




Homu,(cQc+i, Uc) 
Homu^(c+iPc, Uc) 



Homu^+i(cQc+i, Uc+i), resp. 
Homu,+i(c+iPc, Uc+i). 
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3.9. It is now easy to generalise Corollary 13.71 to the modules c+mPc and cQc+m of 

dmi). 

Theorem. Fix c G C and an integer m > 1 such that c+l,c + 2,...,c + m— 1 are all 
good. 

(1) c+mPc is the unique non-zero (Uc+mi Dc)-bisubmodule of\J^^^ that is reflexive as 
either a right Dc-module or a left \}c+m-'^odule. Multiplication in U'^'^^ induces 
an isomorphism of (Uc+m; (Jc)-bimodules, 

(c+mPc+m-l) ^jUe+^-i • • • ®U,+i (c+lPc) ^ c+mPc- (3.9.1) 

(2) cQc+m is the unique nonzero (Uc, l}c+m)-bisubmodule of (J^"^^ that is reflexive as 
either a right Dc+m-module or a left Dc-'module. Multiplication gives an isomor- 
phism o/ (Uc, (Jc+m)-bimodules, 

_i (c+m— iQc+m) ^ cQc+m- (3.9.2) 

(3) Either c or c + m is good. In the former case c+mPc o,nd cQc+m o,Te projective 
\Jc-modules, while in the latter case they are projective (Jc+m-modules. 

Proof. We only prove assertions for cQc+m', the proofs for c+m^c are essentially the same. 
We will also assume that c + m is good; the proof when c is good is again very similar. 

The hypotheses on c now ensure that, by Corollary 13.71 c+iQc+i+i is projective as a 
right Uc+i+i-module for all < i < m — 1. It follows from Lemma 13.81 and a routine 
induction that (j3.9.2p holds and hence that cQc+m is both projective and finitely gen- 
erated as a right Uc+m-module. The remaining assertions follow from Theorem 13.51 and 
Lemma 13.31 □ 

3.10. Example. We end the section by noting that Theorem 13.91 does not extend to all 
values of c. To see this consider the special case when n = 2 and set U = Ui . Further, let 

2 

U = C/(5l2)/(r2), where Q is the quadratic Casimir element. Using (082^ Example 6.12] 
and Remark 12.41 one finds that [j = U i^c ^(A^). In this case, U_i is a simple ring, 

2 

necessarily equal to Endu(Q) for Q = _iQi. Write 

2 2 

Tr(Q) = {9{q) : 9 G Homu(Q, U) and g G Q} C U 
for the trace ideal of Q. Since U_i is simple but U is not, the projective U-module 

2 

Q cannot be a progenerator. Equivalently, Q is not projective as a left U_i -module, 

2 

thereby showing that the final sentence of Theorem 13.9( 3) does not hold for arbitrary c. 

Write F for the field of fractions of U and for a U-submodule M C F, identify M* = 
Homu(Af, U) with {6 e F : OM <Z U}. We claim that V = _sQi = (_3Q_i)Q is not 

2 2 2 2 

reflexive on either side. Indeed, suppose that it is reflexive on one side (and hence on 

both sides by Theorem 13. 5|) . By [Stl Theorem B], U = U_3/2 has global dimension 2 and 

so V is also projective on both sides. As C/ is a maximal order, see [Stl Lemma 3.1], 

U_3/2 = Endu(l^) and hence V* = IIomu(l^, U) is also equal to Homu 3^2(1^, ^-3/2)- 
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Thus the Dual Basis Lemma apphed to 1^ as a U_3/2-iiiodule impHes that V*V = U. 
But now W = ^*(„3Qi) satisfies WQ = U, contradicting the fact that Q is not a 

2 2 

progenerator. This proves the claim. 

4. Relating hamiltonian reduction and shift functors 

4.1. Recall from (12. 6p that & = qxV with the natural action of G = GL(V) and that, 
as in (|2.6.ip . we write 

thus 2)^+1 ^ Uc by TheoremlM The aim of this section will be to construct a morphism 
: "^c+i ^ ~^ c-iQc and use it to prove Theorem 11.61 in the case m = 1. The complete 
proofs of Theorems ll.6l and ll.71 which are given in Section [5l will then follow by applying 
results from |GG] . We begin with the construction of ^'c, for which we need to expand 
upon the isomorphism in Theorem 12. 8[ 

4.2. Let vol € A^V* be a non-zero volume element on V and, following |BFGt Equa- 
tion 5.3.2], define a map s : — > C by 

s{X,v) = {yo\,v AXv AX'^v A--- AX'^-^v). (4.2.1) 

Clearly s 7^ and, as {g ■ s){X,v) = s{g^^ ■ {X,v)) = s{g^^Xg, g^^v), it is a det~^ 
semi-invariant under the GL(F)-action0 Note also that Sj^^^^ = 6. 

We now want to use the radial component map, described as follows. Take the Zariski 
open dense subset 

0cyc ^^x^v) : V is a cyclic vector for the operator X : V C 

and, for c E C, let 

C)(0'=y'=, c ) = {/ e Cle"^"] : X • / = cTV(x)/ for all x G g}. 

By |BFG1 Corollary 5.3.4] restriction of functions induces an isomorphism 0{<3'^^'^,c) = 
s~'^C[i)/W]. Moreover, if D e ^((S'^^'^)'^ then, by restriction, D induces a differential 
operator from 0{<3'^^'^,c) to itself. This defines the twisted radial components map 

fHe: ^^{&'y'f n^/W), D^9\,{D) = s^o{D\o(&.y.,c))°^~'- (4-2.2) 

As in [GGl Section 6.5] and in the notation of (j2.6.ip . this map is an algebra homomor- 
phism that induces the isomorphism 

m,: 2)^ = (^((S)/^(0)r(/e))^ ^ Ue_i (4.2.3) 

from Theorem 12.81 The details are given in the appendix to this paper. In particular, 
restricts to give a surjection ^(0)^ -» Uc-i. 

^As we mentioned in Section [2.11 [BFG] and [GG] use the opposite convention for group actions and 
so in those papers s transforms by the determinant; see, for example, the sentence after |GG[ (6.18)]. 
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As is observed after [GGl (6.18)], 6^^^= = 6 \ s-i(O) and so, if € ^(6)'^'^* \ then 
Ds^^ is a well-defined G-invariant differential operator on C[^5'^y'^]. Hence we obtain a 
map 

^i&f'''^ e&{i)/W)e C U''^s = e^([)''^§)^e, L> ^ e 9^(L's-^)e. 

As in the proof of Lemma 12.21 we have [t(x), s~^] = Tr(x)s^^ for any x € Q and so 

(t(x) - (c+ l)Tr(x))s-i = s-i(r(x) - c • Tr(x)) G ^(6''")r(/e). 

Therefore the map ^'^ factors through ^ to give the desired map 

: ^f+i' U'''=g. (4.2.4) 

Lemma. Under multiplication in \J^^^, the image Im(^'c) is a non-zero {Uc-i, Uc)- 
bimodule. Moreover, is a (Uc-i, l}c)-bimodule homomorphism in the sense that 

^ciacf3ac+i) = ^e(ac)^c(/3) ^c+i(«c+i) (4.2.5) 
for ac G 2)^, Oc+i G and jS G Sc+V' . 

Proof. Note that s G ^((S)'^^*"' and that ^'c([s]) = eyt{s-^s)e = e. Hence / 0. 
Combined with (I4.2.3p . it now suffices to prove (j4.2.5p . 

By Lemma 12.21 acPac+i G ^ and so the left hand side of (|4.2.5p is well defined. 
So ()4.2.5p therefore follows from the computation 

^e(ae)^'c(/3) ^c+i(ae+i) = s^acs-' ■ s^(/3s-i)s-^ • s^+'a^+is-^'^'^ 



4.3. Let /i© : T*© — > = g be the moment map as defined in [GGl (2.4)] and, as in 
[GGl (1-1)], set 

M = fi^\0) = {{X,Y,v,w) e QX gxV xV* \ [X,Y]+vw = 0}. (4.3.1) 

Recall that = C[t} x t)*Y'^". The powers are obtained by multiplication inside 
C[f) X I)*]: they will be regarded as modules over = C[f) X [)*]^ under the natural 
induced structure. Then, once one recalls our conventions about group actions from 12.1] 
it follows from [GGl Proposition A2] that 

A''^C[Mf^^~\ r = 0,1,2,.... (4.3.2) 

This result is stated in [GG[ as an isomorphism of vector spaces, but the proof shows 
that it is in fact an isomorphism of graded ^'^-modules. 
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4.4. As before, for any subfactor T of ^{<3) with the induced differential operator 
filtration, we write grT = grpT for the associated graded object. We will consider 
C[f) X f)*] and its submodules as graded in the second term; equivalently they are given the 
gradation induced from the identity C[f) x f)*] = gr ^(f)). Recall that, by Theorem 12.81 and 
(j4.2.3p . the map 9^c induces a graded isomorphism gr9^ : giD^ = C[f) x f)*]^. 

Lemma. (1) For all c € C, and r € N, we have gr2)^^\ ' = as graded A'^ -modules, 
where the AP -module structure o/grS)^^\ is defined via gr9^. 

(2) For all c G C, ^ ^-^ reflexive as both a right [Jc-module and a left \Jc~i-module. 

Proof. (1) We note for future reference that the action of G preserves the differential 



operator filtration and so, for any r G 
particular we can identify 



(grSc+i) 



dot" 



^, we have gr(^(©) 

gr(^(6)'^'^^"' 
gr([^((S)T(/,+i)] 



dcf 



(gr 



def 



In 



det" 



without causing ambiguity. 

We return to the proof and write /i 
graded C[[) x f)*]^-module maps: 



/i©. By construction there is a sequence of 



X: A-^C[M] 



dot" 



C[T*(&] 



det" 



C[T*6]-/i*(0)_ 

gr^((S) 



gr^((g) 



gr^(0) •grT(/c+i) 



det" 



det" 



gr(^(©)r(/,+i)) 

(4.4.1) 

By \GG\ Corollary 2.6] /i is flat and so, by |Hol Proposition 2.4], the final surjection a 
in ()4.4.1|] is an isomorphism. Hence x is isomorphism. 

(2) The fact that 2)^^V is a (Uc-i, Uc)-bimodule is part of Lemma l4.2i By part (1), 
A^ as both a right module over gr Uc — C[f) x f)*]^ and as a left module over 



det" 
c+1 



gr 2) 

gr Uc-i = C[i) xt)*]^ . The proof of Corollary [221^2) can now be used unchanged to give 
the desired result. □ 



4.5. We are now able to prove Theorem 11.61 in the case m = 1 and we are able to do so 
without restriction on c. Thus we prove: 

Proposition. For any c G C the homomorphism from (I4.2.4P induces an isomor- 
phism D'^'^i = f,_iQl^ o/(Uc-i, y}c)-bimodules. 

Proof. A key observation here is that Uc is a noetherian domain with quotient division 
ring F containing U'^'^^. Hence any non-zero finitely generated Uc-submodule M of i*' 
must be a torsion-free module of Goldie rank one; equivalently, every proper factor of 
M is a torsion module. 
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We first claim that ^'c is injective. To see this note that, by Lemma l4.4r i). gr2)J?^\ 
is a torsion- free, rank one module over the domain gr(Uc) = C[i) x f)*]^. Consequently, 
J^c+i ^ is a torsion-free right Uc-module of Goldie rank one and so any proper factor of 
this module would be torsion (or zero). But, by Lemma [4.21 Im(^c) C U^''^^ is a non-zero 
torsion-free Uc-module. Hence is indeed injective. 

Therefore, by Lemma [4.4f 2). respectively Corollary [32^2), both Im(^c) and c-iQc are 
reflexive (Uc-i, Uc)-bimodules of U"^^^, and we emphasise that in both cases the bimodule 
structure is that induced from the bimodule structure of U'^'^^. By Theorem 13.51 and 
Lemma 13.31 thev are therefore equal. □ 



4.6. We end the section by strengthening the isomorphism from Proposition 14.51 to an 
isomorphism of filtered spaces. The difficulty here is that, although "^c+i ^ ^^'^ c-iQc 
are given the differential operator filtrations T, these are induced from two different 
rings of differential operators ^(6), respectively ^(f)"^^^). In the abstract it is not clear 
that the two resulting filtrations on c-iQc are closely related (see |Lel Probleme 3.5], for 
example). Fortunately, this problem is easily resolved in the present setting. 

Corollary. Keep the notation of Proposition Then the isomorphism is a filtered 
isomorphism in the sense that ^'c(rrX'^^\ ) = Tr{c-iQc) for all r. 

Proof. Set D = S^+i ^ ^"^^ Q ~ c-iQc- The analogous isomorphism of filtered algebras 
5)^]^ = Uc is given by Theorem 12.81 Since the radial component map at worst 
decreases the degree of an operator, the map is at least a map of filtered modules in 
the sense that ^c^X^nD) ^ ^mQ for all m > 0. Suppose that ^'c is not an isomorphism 
of filtered objects. Since is an isomorphism of unfiltered modules, there must then 
exist some d € D for which the order of ^c{d) is less than the order of d. Hence gr(^c) '■ 
grpD g^rQ '^ill have a nonzero kernel. But we know from Lemma [4.4^ 1) that grj^D is 
a rank one torsion-free C[t) x [)*]^-module, and so its image must therefore be torsion. 
Since grpQ is a submodule of the domain grpU'^'^^ = C[f)'^'^s x t)*]^ this forces gr(^') = 0. 
This contradicts the fact that, for example, 7^ e = ^'c(s) G ^{AqD) C TqQ. □ 

5. Proof of Theorems 11.61 and 11.71 

5.1. We continue to write Tic = / S!{(5)t{Ic) in the notation of (|2.6.ip . and recall 
from Theorem 12.81 that 2)^ = Uc-i. For any p,q G Z>0; multiplication on ^(0) induces 
a map 

It follows from Lemma l2.2l that. for any a G C, this factors to give a multiplication map 
of {D^_q_p, X'^)-bimodules: 

fip,, : {Ta-,f'''" ®^a_^ {Taf'''' (2),)'^^*"*''^'\ (5.1.1) 
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The aim of this section is to thoroughly understand this: for the appropriate values of 
c, we will show that S^^g = c-p-q-iQc-q-i as a (Uc-p-g, Uc-g-i)-bimodule and that 
/ip^q is a filtered isomorphism, thereby proving Theorem 11.61 Since gr ^"^l^ ^ ^AP, this 
will also prove Theorem Il.Tr i). from which the rest of that theorem follows easily. As 
might be expected, the proof is by induction on p, q with the results of the last section 
providing the starting point. 

5.2. Most modules considered in this paper are subfactors of rings of differential op- 
erators and, unless we say otherwise, they will then be given the differential operator 
filtration induced from that ambient space. One exception is with tensor products. We 
recall that if R = \J Ri and S = \J Sj are filtered modules over some ring U then the 
tensor product filtration A on R i^u S is given by A„(i? (djj S) = X]j+j=n ^j- 

Lemma. Let p,q gN, set r = p + q, and pick a € C such that a — 2,a — 3, . . . ,a — r are 
all good ( this is automatic if r = or 1). 

(1) // r > then either a — 1 or a — r — \ is good. In the former case 2)^*^* is a 
projective right -module while in the latter it is a projective left D^_j.-module. 

(2) With the tensor product filtration on the left hand side of (|5.1.ip . the map fip^g 
is a filtered {D^_p_g,D^)-bimodule isomorphism. 

Proof. We prove the two parts of the lemma by simultaneous induction on r. Note that 
(1) is vacuous if r = and that (2) is automatic if either p = or q = 0. Suppose 
that r = p-\- q = I. Then Proposition implies that D^''*"^ = a-2Qa-i as (Ua_2, Ua)- 
bimodules and so (1) is given by Theorem 13. 9l f3). 

We may now assume that < p,q < r. This ensures that a — q — 1 is good and so 
the induction hypothesis implies that both 3^^^ and SjJ'^* are projective modules 
over Da-q- Moreover, as one of a — r — 1 and a — 1 is good, one of these modules is 
also a projective module on the other side. Thus, once the proof of part (2) is complete, 
part (1) will follow from Lemma l3.8i 

It remains to prove part (2). We first claim that T>'^'^„'' (S'sg '^a^^ is a rank one, 

" a — q 

torsion-free right S)^-module. To see this, first take the differential operator filtration 
on some S^'^* " . By Lemma l4.4f 1). grS)^*'* " = A^, which is torsion-free of rank one 
as a module over A° = C[f} x f)*]^ = gvDf. It follows that Df'^^ " is a rank one 
torsion-free right ©^-module; in particular "S^-q ^ and f^*'* are rank one torsion- 
free modules on the right. By the previous paragraph they are also both projective 
modules over Hence, as a right S)?'-module, 'i^'^la^ ^ti^ '^'^^ ' embeds into 

^ ^ a~q 

0j,G S^''* = S^a*^* which is a rank one torsion-free right S)?'-module. This 

^ a — q 

proves the claim. 

We return to the proof of part (2). It is clear from Lemma 12.21 and Theorem 12.81 that 
fip^q is a S^)-bimodule homomorphism and so we just need to prove that it 

is a filtered vector space isomorphism. We first show that /Up^g injective. To see this 
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note that, as above, is a torsion-free right S)^-module. Also, Im(/Xp g) ^ since 

fip^q{s^ ^ s"?) = s^^'' 7^ 0. Hence Im(/Xp^g) is a non-zero torsion-free right ©^-module. 



Since 2)^*^* ' is a rank one torsion-free right ©^-module, this forces fip^q to 



a — q 



be injective. 

We next prove that fip^q is surjective. We can now identify ^a-q'' ^xi*^ '^a'^* '^ith 
its image 

^a-V ■ ^a''* ' '^^is filtered by the image of the tensor product 

filtration and so |GSH Lemma 6.7(1)] implies that 

By Lemma l4.4f 1) we can regard this multiplication as taking place inside C[f) x f)*] in 
which case two further applications of that lemma give 

(grSfY)- (grS)^"') = ylP-^« = AP+« = grS)^"\ (5.2.1) 

Thus fJ-p^q is graded surjective and hence surjective. Since it is immediate that fJ-p^q is a 
filtered homomorphism, this also proves that it is a filtered isomorphism. This completes 
the proof of part (2) and hence of the lemma. □ 

5.3. We can now transfer results from the gvT)'^^^ ^ to the c-p-iQc-i and complete the 
proofs of Theorems 11.61 and 11.71 for the modules aQb- 

Theorem. Fix an integer m > and c G C such that the numbers c— 1, c— 2, . . . , c—m+\ 
are good [this is automatic if m = 0, 1). 

(1) Under the differential operator filtration on both sides there is a filtered isomor- 
phism @c,m ■ S^+i ^ c-mQc 0/(Uc_m, \} c) -bimodulcs . 

(2) Under the differential operator filtration T we have grp c-mQc = S~'^A"^e. 



Proof. When m = 0,1, the result follows from Theorem 12.81 respectively Corollarv 14.6 
and Lemma 14.41 So we can assume that m>2. 
Consider the following chain of maps: 



-1 



> [c-mQc-m+l] ^\Jc-m+i " ' ®Uc-i (c-lQc) > c-mQc- 

Here a is the isomorphism given by iterating the ^pq for appropriate p, q and applying 

Lemma 15.2( 2). Similarly, (3 is the map ^c-m+i • • • (S' which is an isomorphism 

by Proposition 14.51 and induction. Finally, by (I3.9.2P 7 is an isomorphism induced by 

multiplication in U^''^^. By those same references, each of these maps is a (Uc-m; Uc)- 

bimodule map and hence G is a {\Jc-m, Uc)-bimodule isomorphism. 

We claim that is a filtered isomorphism, where the domain and codomain are given 

the filtrations T induced by the differential operator filtration in ^(0) and &{[)'^^^) * W 

respectively. On the two middle terms we will take the tensor product filtration induced 

from the differential operator filtration on the individual tensor-summands. 
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In order to prove this claim, we study the individual maps. By Lemma I5.2r 2) each 
map fip^q is a filtered isomorphism and hence so is /u" J. By induction this implies that 
a is also a filtered isomorphism. If we take the tensor product filtration on both 

• • • ® Sc+V and c-mQc-m+l <S) ■ ■ ■ <S) c-lQc, 

then Corollary 14.61 implies that (3 is then a filtered isomorphism. Next, it is clear that 7 
is a map of filtered modules since 

T(-'^r'l (c— rriQc— m+l) ' ' ' (E) 

— Tri (c— mQc— m+l) ■ ■ ■ T-rm (c— iQc) ^ -^fj^j f-fm (c— mQc) > 

for all Tj > 0. However, we do not yet know that 7 is a filtered isomorphism. 

Putting these facts together implies that is a filtered homomorphism. We now follow 
the argument of Corollary 14.61 to deduce that is a filtered isomorphism. Suppose this 
is not true. Then, as Q is an isomorphism of unfiltered objects, there must then exist 
some d G D = 5}^^* for which the order of &{d) is strictly less than the order of 
d. Hence gr(0) : grp-D grrlc-mQc) will have a nonzero kernel. But we know from 
Lemma |4. 4( 1) that grpL) is a rank one torsion-free C[(] x f)*]^-module, and so its image 
must therefore be torsion. Since grp(c-mQc) is a submodule of the torsion- free ^4*^- 
module grpU''*'^ = c[f)'"^s x l)*]^e this forces gr(e) = 0. This contradicts the fact that, 
for example, / e = Q{s'^) G @{TqD) C ro(c-mQc)) where s is the function defined in 
()4.2.ip . This proves part (1) of the theorem. 

It now follows from Lemma US that grp(c-mQc) = grpD^^V™ = ^™ = 6-'^A"'e as 
graded A'^-modules, thereby proving that part (2) holds up to isomorphism. However, 
the theorem asserts that there is an equality of graded modules grp(c-mQc) = e6~"^A'^ 
as subspaces of grp U'^'^^ = eC[[)'''^^ x f)*]'^. This requires a little more work. 



We prove this equality by induction. As in the proof of [GSll Lemma 6.9(2)], and for 
any a € C, 

grp(,_iQ„) = gv^{e6-^Hae) = eS"'C[[) x (]*] * We = e5-'C[i) x [)T^"e = e6-^A\ 

and so the result holds for m = 1. Since we have proved that both a and (3 are filtered 
isomorphisms, the fact that is a filtered isomorphism also implies that 7 is a filtered 
isomorphism. This can be tautologically reformulated as the statement: 

the differential operator and tensor product filtrations are equal on 

(5.3.2) 

c—mQc — (c~mQc— m+l) ' (c— m+l Qc— m+2) ' ' ' (c— iQc)- 

By [GSlt Lemma 6.7(2)] and induction, the multiplication map therefore induces a sur- 
jection 

X- eS'^^A"" = grp(c-,„Qc-m+i) • • • grp(c-iQc) — » grp(c-mQc)- 

As both sides of this equation are non-zero rank one torsion-free ^'^-modules, x must be 
an equality. □ 
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5.4. We can use the theorem to improve the results from Lemma |5.2[ 



Corollary. Fix an integer m > and c E C such that c— l,c — 2,...,c — m + 1 are all 
good. Then, is reflexive as both a left Ti'^_^^i-module and a right D'^j^i-module 

and is the unique such reflexive bisubmodule of U'^"^. 

Proof. Combine Theorems 15.31 and I3.9l f2). □ 

5.5. Remark. Theorem 15.31 completes the proof of Theorem 11.61 and Theorem 1 1.7( 1). 

In order to complete the proof of Theorem 11.71 we need to understand the associated 
graded modules of the c+m^c- We expect, but have not pursued, an isomorphism anal- 
ogous to Theorem [Ol^l) between c+mPc and [^(0)//c+„^+l^(0)]'^''*'". The proof will 
need to be a little more involved since the radial component map 9^ from ()4.2.2p actually 
induces the zero map on This can presumably be circumvented by using a 

"Fourier transform" of We will, however, take an alternative approach by showing in 
the next lemma that there is an easy direct way to move between the Q's and P's that 
makes such a result unnecessary. 

5.6. By [Del Remark 2.2] there is an isomorphism (pc ■ ^ H_c defined by (f)cix) = x, 
<Pc{Dc{y)) = D^c{y) and (p^w) = sign(ii;)-u;, for x G C[[)], y G C[f)*] and w ^W. Note 
that (pd^) = e_ in the notation from (12.31) . Since ipd^) = 6 the map (j)c extends to an 
automorphism of W^^ = Hc[(5^^] which will still be written (pc- The reader should be 
warned that the action of (pc on W^^ does depend upon c. 

Lemma. Fix c € C. Then: 

(1) cpc+i{z) = 6-^(l)c{z)6^ for all z G U^'^s. 

(2) ct>,+i{\Jc) = S-'\J-c-iS. 

(3) (/>e+i(c+iPc) = 6^i-\-c-j-iQ-c~i)6 for all 3 > 0. 

Proof. (1) By [EG, Proposition 4.9 and (11.33)], Uc is generated as an algebra by C[f)]'^ 
and = Er=i Dciyif; thus ^il)'"^)^ is generated by Cff)""^*?]^ and V^. Thus we only 
need to confirm (1) for elements pe G C[[)'^'^^]^e and for V^e. The former is obvious since 

6-^(l)c{pe)5^ = 6~^pe^5^ = pe. = ^c+i{pe) for p G C[i)'^^]^ . 

By [He|, Theorem 3.1] we have (5~^V^_|_]^e_(5 = V^e for all c G C (note that our scalar c 
is the scalar —k in [Hej ) ■ Thus, (1) follows from the chain of equalities 

(2) This is equivalent to the assertion that (/>_c-i(U-c-i) = (^Uc5~^. By [EG^ Proposi- 
tion 4.9 and (11.33)], again, it is enough to confirm this for C[[)]'^e and V^^_]^e. This is 
trivial for C[fi]^e while [Hil Theorem 3.1] gives 0_c-i(V2_^_^e) = Vl^^^C- = dVleS'^ , 
as required. 

20 



(3) For j = 1 we have 

(pc+iic+iPc) = 4>c+iieHc+iSe) = e_H_c-i(5e_ = 6e5^^H_c-ied = 6{-c-2Q-c-i)S, 

as desired. Now assume that the result holds for some j > 1- By part (1), cj)c+j+i{z) = 
5~'^^ (j)c+i{z)5'^^ for z G U'''^^. Applying the case j = 1 gives 

5{-c-j~2Q-c-j-l)S = (pc+j+lic+j+lPc+j) = 5~'^\(j)c+l{c+j+lPc+j))5'^^ ■ 

Equivalently 

To complete the proof, by induction, we obtain 

'Pc+lic+j+l^c) = 'Pc+lic+j+lP c+j)4'c+l{c+jP c) 

= S^^+H-c-j-2Q-c-l)S. □ 

5.7. Completion of the proof of Theorem 11.71 By Remark 15.51 it only remains to 
prove Theorem 11.7^ 2). Changing notation slightly, we consider d+mPd where d G C is 
chosen so that the numbers d + l,d + 2,...,d + m — 1 are all good. Thus we need to 
prove that gr d+mPd = A"^5"^e. 

Consider (pd+i- By construction, this morphism preserves the differential operator 
filtration on H'^°^ and gi (pd+i is then the automorphism that is the identity on C[f) x I)*] 
and sends w W to s\gn(w)w. Moreover, if c = —d — 1 then c — l,c — 2,...,c — m + 1 
are also good. Thus Lemma 15.61 and Theorem 15.31 can be applied to show that 

{gVcl)d+l){gVd+mPd) = gr(0d+l(d+mPd)) = gT{6^"'-'^{-d-m-lQ-d-l)S) 

and hence gr{d+m.Pd) = gr <?!<^^]^ (5™^^ A'"Je_) = 6"^A'^e, as required. □ 

5.8. We finish this section by making explicit the connection between shifting by Q's, 
by P's and applying the various morphisms (pcS of Section [HTUl The equality (pc+ii^c) = 
5~^U_c-i^ from Lemma I5.6r 2) induces an equivalence of categories 

Oc : Uc-mod U_c-i-mod, V ^-^ V, 

where V G Uc-mod becomes a U_c-i-module via z * v = (f)^c-i{^^^ zd)v for z G U_c-i 
and V £ V. 

Proposition. Let c G C and set d = —c — 1. For any integer m > there is an 
isomorphism of functors d+m^d ^c(— ) — ^c-m ° (c-mQc ^^^^ makes the 
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following diagram commute 



, , , c-mQc®Uc(-) I I , 

Uc-mod > Uc-m-mod 



d+mPd®Ujj(-) ,, , 

Ud-mod > Ud+m-mod 

Proof. Let F be a Uc-module. By Lemma I^TUT S) c-mQc = 5^~^™0-c(d+mPd)'^~^) so we 
are asserting the existence a natural isomorphism between d+m^d ^ (with U^-action 
on V induced from Qc) and 5^~^™'0_c(d+mPd)'5~"'^ 'JJUc ^ (with U^+m-action induced from 
rJc-m)- The only choice is the mapping p ® v i-^ 5^~'^"^(j)-cip)5^^ ®Uc for p € d+m^d 
and V £ V. We need to check that this is well-defined and that it is a Ud+m-module 
homomorphism. 

Pick z £ [Jd, P ^ d+mPd and v £ V. For well-definedness we have 

= 5^-^'^4>-c{p) {5'^4>-c-i{z)5 V - 6'^ (l)-c-i{S~'z5)v) = 0, 

where in the first equality of the last line we used Lemma l5.6r i). 
Now let z G U 

d-^-m- Using Lemma I5.6f 1) and induction we have 

zp(Siv 1-^ 5'^'^"'(j)-cizp)S^^ <SiUcV 

= S-^^"''^^U-c{S'^z6)6^^"''~^h^-^"'(t>^c{p)S-^ <»u. V 

= (t>^c+m-i{S-'z6)6'-^"'^.c{p)S'' C3u. V 

= z * {6^~^"'cl>_,ip)6-' v) . 

This confirms U(i+m-equivariance. □ 



6. Shift functors for ^^-modules and Cherednik algebras 

6.1. The morphism c+mPc — '■ Uc-mod Uc+m-mod is fundamental to the repre- 
sentation theory of Uc, as is illustrated by much of |GS2j . There is a similar translation 
functor for twisted ^-modules on projective space given by tensoring with 0{mn) (see 
Section 16.51 for the precise definition). In this section we show that these functors are 
naturally intertwined by hamiltonian reduction, thereby proving Theorem 11.91 from the 
introduction. Before stating the result we will need some definitions. 



6.2. Projectivisation. The quantum hamiltonian reduction of Theorem 12.81 can be 
performed in two steps: first with respect to the subgroup of scalar matrices C 
G = GL{V); and then with respect to the subgroup SL{V) C G. Recall that G acts 
diagonally on & = q x V and so acts trivially on g and by dilations X o v = Xv on 
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y = C". As in (j2.6p . the identity matrix in qI{V) is written 1. Put 

V° = V\ {0}; P = P(y) = FVC^ ; 0° = g x and X = 5 x P. 

Lemma. Let c € C and assume that if n = 2 then 2c ^ Z<o. Then restriction provides 
a natural isomorphism 

X ■■ ^(6)/^(©)r(l - nc) ^ r(6°, &0./&^ot{1 - nc)). (6.2.1) 

Proof. Without loss of generahty we need only consider V instead of <3. 

Set V = t{1 — nc). Multiplication by v on the right yields a short exact sequence of 
sheaves on V: 

0^ &v ^ ^ &v/^vv 0. 
Hence on V° we obtain the long exact sequence 

— > T{V°,&v) ^ T{V°,&v) — > r{V°,&v/^vv) — > 

Assume first that n > 3. Then H^{V\Ov) = F|o}(y,Oy) = since H[^^{V,Ov) = 
for all i < n = dimT/. Since is free as a sheaf of Oy-modules, it follows that 
H^{y° , &v) = 0. Since C[y] is just a polynomial ring and diml/ \ y° < dimF — 2, we 
have C[V°] =T{V°, Oyo) = C[V] by Hartog's theorem. By freeness, T{V°, &v°) = ^{V) 
and so we are done if n > 3. 

Now assume that n = 2 and write C\V] = C[x,y\. A simple calculation in Cech 
cohomology using the open sets D{x) = V \ {x = 0} and D{y) =V\{y = 0} shows that 

^ [V (C[x±i,y]+C[x,y±i])- 
Denote this space by S, so that H^{V°, = 0i j>o '^'9*9^, where dx = d/dx, etc. 

We claim that the mapping H^{V°,^v) ^ H'^(y°,^v) is injective if 2c ^ Z>o. To 
see this let 

0/z = Y^Si,,dldleHHv°,^^v), 

i,j>0 

for some Sij € S. By ()2.7p we have r(l) = —xdx — ydy and so 

zv = zr{l - 2c) = Yl - + J + 2c)s^j) 9^9^ 

i,j>0 

= ^ {si-ijx + Sij_iy - {i+j + 2c)sij) 5* 9^. 

i,j>0 

Thus if = then Si-ijX+Sij-iy — {i+j + 2c)sij = for all i,j > 0. But consideration 
of the lowest degree (^O; Jo) of nonzero monomials in z then shows that iq + jo + 2c = 0, 
contradicting the hypothesis that 2c ^ Z<o. It follows that the morphism 

T{v, S)v) = r{v°, r(y°, ^v/s>vv) 

is surjective, as required. □ 
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Remark. The lemma fails when n = 2 and 2c € Z<o. In the notation of the above 
proof we have the following equality in S>v{D{xy)): 

Thus x-^d-^^dy = -y-^a-^c+i in {^y / ^vv){D{xy)). It follows that the sections 
x-^d-^^dy G {&v/&vv){D{x)) and -y-^d'^^^^ G / ^vv)iD{y)) extend to a sec- 
tion of (^v'/^yw)(y°) which is not in the image of x- 

6.3. Following \(JiG\ Section 5.1], for each c G C we introduce an algebra 



The algebra on the right hand side of ()6.3.ip is a quantum hamiltonian reduction with 
respect to the group at the point c. 

Using Theorem 12.81 we can apply the formalism of hamiltonian reduction, as outlined 
in [GGl Section 7], to ^c+i(X) and Uc. Let {&c+i{^), SL{V)) -mod denote the cate- 
gory whose objects are the finitely generated S'L(l/)-equivariant ^c+i(^)-modules on 
which the action of 5l{V) induced from the S'L(y)-equivariance agrees with the action 
of sl{V) induced from the homomorphism 5l{V) — ^ ^(0)*^^ — > ^c+i(^)- We have the 
following functor of hamiltonian reduction: 

Mc-. (^c+i(X),5L(y))-mod — > Uc-mod; T ^Mc{T) = (6.3.2) 

Since SLiV) is reductive, the functor He is exact and, by [GGl Proposition 7.1], it has 
a left adjoint 

^Mc-. Uc-mod — > i^c+iiX), SL{V ))-mod; 

M ^ (^,+i(X)/^,+i(X)T(/e+l))^Ue M. 

6.4. Next, let &x,c denote the sheaf of (— nc)-twisted differential operators on X. It 
follows from [GGl Equation 5.1] that ^x.c has global sections T{X,^^x,c) = ^d^)- For 
any m G Z, let 0{m) be the pull-back of the standard line bundle C'p(m) via the 
projection X = g x P ^ P. Tensoring with 0{nm) yields a functor 

%c-mod — > %c-m-mod, T ^ 0{nm)®Ox ^- (6.4.1) 

6.5. Assume now that n(c -|- 1) G C \ Z>o. As in [GGl Proposition 5.4], we can apply 
the Beilinson-Bernstein theorem to give an equivalence of categories 

r(X,-) : ^x,c+i-mod ^ ^c+i(3e)-mod, J^^T{X,T). (6.5.1) 

We write 

S"" : ^c+i(X)-mod — > ^c-m+i(X)-mod, F ^ F{nm) 
for the functor that corresponds to the functor (16.4. ip via the Beilinson-Bernstein equiv- 
alence. 
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Theorem. Fix c G C and a positive integer m such that each of the numbers c — 1, c — 2, 
. . . , c — m + 1 is good and n{c + 1) ^ Z>o {respectively, n{c + 1) ^ Z if n = 2). Then 
there is an isomorphism of functors IHIc_m ° ° '^^c{—) — c-mQc ®Uc (~) ^^'^^ makes 
the following diagram commute 



(^,+i(X),5L(y))-mod 



Ur-mod 



xQc®Uc(-) 



c—m+1 



{X),SL{V))-mod 



6.6. Before proving the theorem we note that, by Proposition 15.81 it has the following 
equivalent formulation in terms of the P's. For d E C we set 

irf = n^d-io^-d-i ■■ (^-d(X),5L(y))-mod Ud-mod, 

where $7^ is defined in ()5.8p . This has left adjoint 

Then, using the fact that d is good if and only if —d — 1 is good, we obtain: 

Corollary. Fix c G C and a positive integer m such that c+l,...,c + m — 1 are all good 
and that nc ^ Z<o {respectively nc^'L ifn = 2). Then there is a commutative diagram: 



(^_c(X),5L(y))-mod 



Ur-mod 



(i^_(,+^)(X),5L(y))-mod 



U.4-m-mod 



□ 



Remark. Theorem 11.91 is a special case of this corollary. 



6.7. Recall that C GL{V) is the central subgroup consisting of multiples of the 
identity matrix Id. Given a GL(y)-representation E we will denote by E^"^^ the set of 
semi-invariants {e £ E : (zld) ■ e = z^'^e for all z E C^}. For (i G C, we define 



d—rn^d 



def 



^((J5)r(l - nd) 

,{-m) 



{— m) 



for m E 



Note that N"^"^ " = {N^^y for any GL(y)-module N. By Lemma [121 
has a natural (^rf_m(X), ^(i(X))-bimodule structure and it also has the following useful 
properties. 

Lemma. (1) Fix c E C and a positive integer m such that n(c + 1) Z>o (respectively 
n(c+ 1) ^Zifn = 2). Then, for any F E (S^c+iiX), SL{V)) -mod, 



■c+l(X) 
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F (6.7.1) 



(2) Assume that c — j is good for 1 < j < m — l. There are isomorphisms of {\Jc-m, 
bimodules 



s 5L / X det- 



^ c— m+ 



^Qc■ 



Proof. (1) The first equality in (j6.7.ip follows from the Beilinson-Bernstein equivalence 
()6.5.ip and the definition of §"^. For the displayed isomorphism, we consider the prin- 
cipal -bundle p : V° — > P. Then by equivariant descent (see [SGAlt Chapter VII, 
Section 1]) we have 



Op(mn) (S)Op = P* ( (Cy° ®c det '"^ ^ 



1X1/'', 



= P* 

It follows that 



° &v°t{1 -n{c+l)) 



&v°t{1 - n(c+ 1)) 



T[V°, 



^yor(l -n(c+ 1)), 

Now ^(go = (g) S'v", with acting trivially on ^g. Therefore, combining ()6.2.ip 
with (f6T:2]l gives the following isomorphism of (^c— m+i 

(X), ^c+i(^)) -bimodules: 



c-™+i^c+i v^(®)^(i-«(c+i))y ^ ' ^©°^(i-"(c+i)) 

^ r(P,Op(nm)Op^,c+i)®^(g) = r(X,0(nm)®o^ ^x,c+i), 

as required. 

(2) As a morphism of ^(0)'^^-modules, the first isomorphism follows from the ob- 
servation that iVdet-™ = for any GL(F)-module A^. By Lemma O this 
restricts to give an isomorphism of (^c-m+i(^)5 ^c+i(^))-bimodules; equivalently of 
(Uc-m, Uc)-bimodules. The second isomorphism is just Theorem 11.61 □ 

6.8. Proof of Theorem [631 Let M G Uc-mod. By LemmalO^l) 



5m „ T 



^c+l(X) 



\ i^c+i(X)r(/c+i) J 



c-m+l2)c+l 



^c+m-l2'c+lT(/c+l; 
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M. 



Thus Lemma l6.7f 2) implies that 

H,_^ o o T]H,(M) ^ [( c-m+i^c+i "[g^^^jvj] 

\\ c+m-l^c+lT[Ic+l) / J 

(c-m+lSc+l 
c+m-lS)c+lT(/c+i) 

7. Characteristic cycles 

7.1. Let M be a filtered, finitely generated Uc-module. In |GS2j the authors used the 
Z-algebra associated to the modules {c+aPc} to construct a characteristic cycle ch(M) 
inside the Hilbert scheme Hilb" that then proved useful in studying the representation 
theory of Uc. Using quantum hamiltonian reduction, the authors of [GGj define a second 
such characteristic cycle. This leads to the natural question of whether these varieties 
are equal; see [GG l (7.17)]. In this section we show that this is indeed the case. 

7.2. Hilbert schemes. We write Coh(X) for the category of coherent sheaves on a 
scheme X. If B = 0,„>o Bm is a finitely generated graded commutative algebra let 
5-grmod denote the category finitely generated graded left S-modules and write F(M) 
for the coherent sheaf on the scheme Proj B corresponding to the module M G 5-grmod. 

Set A = 0„>o A^, where the A™ are defined as in (gS]); thus [lla2l Proposition 2.6] 
implies that Proj(^) = Hilb^C^, the Hilbert scheme of n points in C^. Following [Ha2] 
and |Na| . there is the following diagram of schemes over (t) x i}*)/W: 

M M^y" Hilb"C2 ^ Proj A ^ Proj (0^>o C[M\^''^'"^ (7.2.1) 

where AA = /^^^(O) is defined as in (j4.3.ip with open subvariety 
j^cjc ^ ^{^x,Y,v,w) e M : C[X,Y]v = V}. 

In more detail, A4^^^ is a smooth GL(1/) -variety and the map j : A4^^^ ^ M is a 
GL(y)-equi variant Zariski open imbedding. The map p in (j7.2.ip is a universal geometric 
quotient morphism that makes M'^^'^ a principal GL(y)-bundle over Hilb^C^ (see [Na[ 
Proof of Theorem 1.9]). Finally, the penultimate isomorphism in (|7.2.1|) was proved in 
|Ha21 Proposition 2.6] while the last isomorphism follows from (j4.3.2p . 

7.3. We can also construct Hilb" via 

T*X = {{X, Y,v,w) egxQxV° xV* : w{v) = 0}/C^ , 

where the action of arises from the scalar matrices in GL(y); thus it acts only on 
V° X V* . In more detail, since Tr([X, y] + vw) = w{v), then, as in (j4.3p . 

^^1(0) = {{X,Y,v,w) e Q X Q X V° X V* : [X,Y] + vw = Oj/C' 
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>J±J 



M 



^Qc M. 



□ 



is a closed subvariety of T*X. Inside ^^^(0) we have the the Zariski open subset 
fi^^Oyy" = {{X,Y,v,w) G fi^\0) -.veV &ndC[X,Y]v = V} C /x^^O). 
As before, we have a diagram schemes 



Jf-> ^-i(0)cyc ^ Hilb'^C^ 



where px is a universal geometric quotient making a principal PGL(l/)-bundle. There 
is, moreover, a commutative diagram 



M 



31 



M° 



30 



3x 



(7.3.1) 




Hilb'' 



where M° = {{X,Y^v,w) G : w 7^ 0} and the vertical maps l^l^^^ are principal 
-bundles. 



7.4. We will require a special case of the following well-known proposition, although 
since we could not find a proof in the literature we include one here. 

Let X be an affine variety with a rational action of a reductive group G. Fix a 
character x '■ G — > and define the Zariski open set of semistable points to be, cf. 
e.g. [Mul, ch. 6-7, 

X""" = {x e X : there exists m > and / G C[X]^'" such that /(x) / 0}, 

and let j : X^^ X be the inclusion. By definition the G.I.T. quotient X//^G is Proj B 
where B is the graded algebra B = ®rn>o^i-^]^"^ ■ Write Coh'^(y) for the abelian 
category of G-equivariant coherent sheaves on a G- variety Y. 

Proposition. (1) For any .5^ G Coh'^(X), there exists an integer m{S^) such that the 
restriction map induces an isomorphism 

f : Y{X,yY^ j*^)^" for all m > m{y). (7.4.1) 

(2) // the orbit map p : X^^ — > -^//x^ ^ principal G-bundle then there is a natural 
isomorphism 

^ /oF(e^>or(X,^)^'") (7.4.2) 
of functors from Coh'^(X) to Coh^(X''*). 

Proof. (1) Let Z = X \ X^^, a closed subvariety of X. There is an exact sequence 

Tz{x,y) Tix,y) T{x'',j*y) H\{x,y). (7.4.3) 

All modules in this sequence are rational G-modules, so taking semi-invariants pro- 
duces another exact sequence. We claim that both T z{X,5^)^"^ and H\{X,.3^)^"' are 
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zero for m ^ 0. Once we have shown this, then it follows that the map T{X, J?^)^"^ 
r(X'**, j*=5^)^'" is an isomorphism for large enough m, thus confirming (1). 

To prove the claim, we define S = C[X x C]*^ where G acts on X x C hy g ■ [x, \) = 
{g ■ X, x~^{9)^)- It follows that is a finitely generated and so we can find a finite set of 
homogeneous elements /i, ...,/„ in 5+ that generate the algebra S over 5*0 = CfX]*^. Let 
/ be the ideal of C[X] generated by /i, . . . , /„ and observe that S has been constructed 
so that 

Z = {x£X : fix) = for all / G S+} = {z € X : fi{x) = for 1 < i < n}. 

So to calculate the local cohomology groups i?^ it is enough to calculate the H\. 

Let R = C[X], B = 0.^>oC[X]^'" and M = T{M,y). We need to calculate the 
homology of the complex 

> %.../,, (8)rM^0. 

As each /j € -B, we can replace i? by in the above sequence. Since we are going 
to take X semi-invariants it is enough for us to study the complex with M replaced by 
^ = ©mez M^"^- Set N+ = ©^>o M^™. Since N/N+ is fi,... /^^-torsion for r > 1, 
tensoring the short exact sequence — > — > — > N/N^ — > by Sf.^,,j^^ shows 
that Sf.^,,j^^ ®s ^+ — Sfi-^.-.fir ®s ^ ■ Thus for our calculation we can even replace N 
by Nj^ and we need only calculate the local cohomology groups H^g^[N^)^"^ . Now A^-|- is 
a finitely generated graded S'-module so thanks to [BS, 15.1.5], these groups vanish for 
m » 0. 

(2) This follows from (1) and the projection formula. In more detail, by part (1) we 
have 

F ( r{x, ^)^'") = F ( r(x-, j*^)>^'") . 

m>0 m>0 

Since p defines a principal G-bundle we deduce that p*[{p*j*^)'^] = j*^ (see [SGAlt 
Chapter VII, Section 1], again). Thus it is sufficient to check that 

[p.Tf = F ( r{X'',TY'^) for any T G Coh^(A^*). 

»n>0 

But by definition (p^Tf ^ F(0^>o r(A://^G, (p,.F)^(m)). Now 

ip.rfim) ^ {p.Hm)f = P*{J'®o^ssP*Ox//^G{m)f 

^ p,{J^0C^-mf ^ {p^J'Y^. 
The proof is now completed by the following isomorphisms 

T{X//^G, (p^J^fim)) - riX//^G, {p.TY"") = r(A//^G,p.^)^'" - T{X^\J^r^ . □ 
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7.5. Characteristic cycles. We assume that c + m is good for all m E Z>o. Given a 
finitely generated left Uc-module M, there are two ways to associate to M an algebraic 
cycle in Hilb" C^. 

GS construction (see |GS21 Section 2.7] for more details). Take a good filtration on 
M and let A be the induced tensor product filtration on each Tim = (c+mPc) ®Uc ^ ^.nd 
hence on SOT = ©m>o By Theorem 11.71 gr(c+^+mPc+m) = for all £,m > and it 
follows easily that gr^ 571 = gr^ Tim is a graded module over A = ^A^. Let F(gr Tl) 
denote the corresponding coherent sheaf on Proj ^ = Hilb"'C^. We define ch*^'^(M) to 
be the characteristic cycle of ¥{gr Tl). In other words ch*^'^(M) is the characteristic 
variety of F(gr9Jt), counting multiplicities, see |GS2l (2.7.1)]. 

GG construction (see ^GG^ Section 7.5] for the details). Recall the definition of 
from (j6.6p and consider the left ^((J5)-module 

^ie(M) = (^_e(X)/^_e(X)r(/_e)) f^c(M). 

Let CC(^Mc{M)) C T*X be the characteristic cycle of that ^_c(^)-iiiodule, a closed 
PGL(y )-invariant algebraic cycle set-theoretically contained in /i^^(O). Following |GGt 
Section 7.5j^ and in the notation of (17. 2p . define ch^'^(M) to be the unique algebraic 
cycle in Hilb" such that one has j*^CCCMc{M)) =p^ch<^'^(M) inside 

7.6. We are now ready to prove the following slight strengthening of Theorem 11.101 from 
the introduction. 

Theorem. Assume that c G C \ Z<o is chosen such that c + m is good for all integers 
m > 0. If n = 2 assume that nc Z. Then, for any finitely generated \Jc-module M, 
one has an equality of algebraic cycles ch'^'^(M) = ch*^*^(M). 

Proof. Our hypotheses ensure that nc ^ Z<o, so CoroUarv 16.61 is available to us. 

Put F = D-c ^\j-c~i ^ciM) and note that F is GL(y)-equivariant since the same is 
true of D-c- For any integer m > the ^((S)-module structure on F induces a natural 
^_c-m (^)-niodule structure on F^~''^\ We compute 

p{-m) ^ [S)„,0u_._if^c(M)](-'") = ®u_._, f^c(M) 

where in the last equality we have used the analogue of Lemma l6.7l fl) for the ^_c(^)- 
module '^Mc{M). Hence, taking 5'L-invariants and using Corollary 16.61 we deduce that 

17„e-,n-l([i^(-"^)]^^) = l^_c-,n-l([S'"°"'ic(M)]^^) (7.6.1) 



'Actually, we have twisted by f2c 
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Pick a good filtration on M and let A denote the induced tensor product filtration on 
c+mPc ®K)c ^ ■ Writing 'Supp(— )' for the support-cycle, we have 

ch^'^(M) =SuppF(gr^9Jt) where Tl = ®m>o {c+m,Pc(^\}, M). (7.6.2) 

Since (j)c preserves the differential operator filtration, the filtration on M also gives 
a filtration on ^d^), and hence a tensor product filtration u on F. Observe that, 
viewed as a ^(0)-module, this is a good filtration on F since, by |GSll Lemma 6.7(2)], 
gTyF is a homomorphic image of grp2)_c ®grUc-i gi"(^c(-^))- The filtration on F is 
GL(y)-stable and, for any m > 0, it restricts to a filtration on each of the subspaces 
^^(-m)]5L ^ ^(-m) ^ p ^ ^^^^^ applying Q. 

—c—m—i} the composite isomorphism 
in (|7.6.1|) transports this filtration on ^}-c-m-i{[F^~^^]^^) to a certain i^-filtration on 
c+mPc "^Uc However, this need not equal to the A-filtration introduced earlier. 

Since the action of GL{V) on F is locally finite, taking the associated graded gr^(— ) 
commutes with taking GL(y)-semi-invariants. Hence we have 

gr, art = gr, (,+^P, M) = gr, (f]_,_„_i([F(-™)]^^; 

m>0 m>0 



= grl^^e-™-! (gr,([F("-)]^^)) = 0[(gr,F)(— )]^^ 

m>0 m>0 

where for the last equality we used that gr 0,^c~m-i is the identity map since the associ- 
ated graded of the mapping z </)_c_m-i(<^~^-2'5) is the identity on C[P) x f)*]^e. Since 
gr, F is a finitely generated gr^ ^((5) = C[T* (5] -module the final object of (j7.6.3p is a 
finitely generated graded A-module. It follows that the z/-filtration on dJt is good and 
so the associated graded modules gr^ 9Jt and gr, Tl give rise to the same class in the 
Grothendieck semigroup of the category ^-grmod. We conclude that 

SuppF(grA9Jt) = SuppF(gr,9Jt) = Suppf(0 [gr, F^-™)] ) . (7.6.3) 

Since T*(5 is affine, we can write gr, F = T{T*(5,J^) for a unique coherent sheaf 
supported on the subvariety Ai C T*(3. The sheaf is automatically GL (y)-equivariant 
since F is. Taking S'L-invariants and applying (j7.4.ip . we deduce that, for large enough 
m. 



gr, 



p{-i^) 



SL 



SL 



det "n/ A ^cyc T-\det 



Thus, in the category Coh(Hilb" C'^), we have the isomorphisms 



F(gr,9Jt) = f(0 [gr,F(-™)] ) ^ F(0^(>^^y^.F) 



\det 

m>0 m>0 

Applying the isomorphism of functors in (I7.4.2p . we obtain 



p*F(gr,2Jt) ^ p*F(0^(>^=y^.F)^'=*''") = fT. 



m>0 
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Using this and (j7.6.2p and (j7.6.3p . we finally obtain a chain of equalities of algebraic 
cycles 

p*(ch^^(M)) = Supp(p*F(gr,9K)) = Supp(j*^). 

It remains to prove that Supp(j*^) = p*(ch'^*^(M)). This is now completely formal. 
By the commutative diagram ([7XT|) and the definition of ch'^'^(M) we have 

Since Supp(j*JP") = j* Supp(jr) = Supp(j*jF) it is sufficient to show that Supp(jjjr) = 

L*CCC^c{M)). We compute 

c*CCCmM)) = .*Supp((gr,F)C^) = Supp(.*(gr,F)^^) 

= Supp(ji*gr,F) = Supp(ii*.F). □ 

8. Appendix: The radial parts map 

8.1. As was mentioned earlier, in this appendix we will give the details behind Theo- 
rem [JTHl since it does not exactly follow from the results in |GGj . Thus, in the notation 
of Section 14.21 our aim is to prove: 

Theorem. The radial components map = 5Kc : ^(0^^^)^ — > ^{Ij/W) given by 

d\{D) = o (Z?|o((5cyc,,)) o s-^ for D e ^(0)^ 

induces a filtered isomorphism ^R : S)f = (^(0)/^((5) • Ic)*^ ^c-i- 

Consequently, the associated graded map gr 9^ : grS)^ ^ gr U^-i = C[f) x t)*]^ is also 
an isomorphism. 

The proof of this result closely follows the proof of the analogous results in [EGj and 
|BFG| (see, in particular |BFG1 Proposition 5.4.1]), so the important point here is to 
determine which spherical algebra contains Im(9^). 

To begin, let Ag be the second order Laplacian on g associated to non-degenerate 
invariant bilinear form (— , — ) and identify Ag with Ag(8)l £ acting trivially in the 

^-direction. Write A(j for the analogous Laplacian on [). As usual, we let {ca ■ a € R} 
denote the root vectors for g, normalised so that (bq,, e_Q,) = 1 and set Hq = [ea, e-a] for 
such a. Now Ag G ^(fl)*^ and, as in the analogous computations in [EGl Proposition 6.2], 
the key to proving the theorem is to compute 5H(Ag). 

To do this we slightly change our perspective on IH. Fix a scalar w & C (which will 
eventually become w = — c) and let (S^*^^ = {{X,v) G (S"^" : X G g^^}, where g^^ D [)^^^ 
denotes the regular semisimple elements. As in Section 14.21 or |BFGl Section 5.4] the 
projection 6^0 induces an isomorphism p* : C[[)''''§/VF] C[&''^]'^ . For D G ^(6)*^ 
we define Rad(L>) G ^{t)'''^)^ = &H)'^<^/W) to be in_^(D); equivalently, 

Rad(I))(/) = s-"'(I)(s"'(p*/)))|^.e, for / G C[rVW]. 
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8.2. The radial part of the Laplacian. We wish to compute Rad(Ag) and we begin 
by following the proof of [EGl Proposition 6.2]. As observed there, we have the expansion 



deade-a 



and we begin by understanding the final term of this equation. 

The differential of the G-action on 0'''^^ gives an action of q and U (q) on C[(J5'^'^^] which 
we win write as x • / for x G U{q) and / G C[©'^'=s]. By definition, p* f G C[<3'''^f for 
/ G C[f)'''^s/VF] and so g = s^p*{f) is a (det~"')-semi-invariant function, since the same 
is true of s'". Therefore, for X G [)^^^, uca G Ce^ and t; G we have 

{e'^- ■g)iX + ue.a,v) = {detie''-))'"" g{X + ue.^^v) 

= (1 - wtTi{ea) + 0{t^))g{X + ue_„, ?;).. 

On the other hand, 

(e*'=" ■ g){X + ue-a, v) = g{{Ad e"*^- ) (X + iie_„) , e"*^" • v) 

= g{X + ue^a + t[ea,X] - tn[e„, e-a] + 0{t^), v - te^ ■ v + 0{f)) 

= g{X + ue-a - ta{X)ea - tuh^ + 0{t^), v - te^ ■ v + 0{t^)). 

Now clearly = Tr(eo) and so after equating the last two equations, applying d/dt, 
and then setting t = 0, we obtain 

d d 
= a{X)— g{X + ue-a, v) -u-^g{X + ue-a,v) -ea- giX + ue-a, v). 



Rewriting this gives 
d 



1 



d 



■g{X + ue-a,v) + ea • g{X + ue-a,v] 



—g{X + ue.a,v) = ^^n-^^ 
Now apply d/du to this equation and then set n = to give 



-9{X,v) 



1 



de-adca ' a{X) 
Applying (j8.2.2p with Cq, replaced by e_a gives 



^.2.2) 



.2.3) 



d 



de. 



-g{X,v + tea ■ v) 



1 



-e-a ■ g{X,v + tea ■ v) 



Therefore 



d 



de-a 



{ea -giX^v)) 



g{x,v) 



1 



de-adea 
for X G \f''^ and v ^V. 



a{X) 

_l d_ 

a{X) dha 



a{X) 

e-aea • g{X, v) and so (|8.2.3p becomes 
1 



9{X,v) 



a{xy 



re-aea ■ g{X,v) 



.2.4) 
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Next we calculate e-aCa ■ g{X,v) for X G if^^. Recall that g = s'^p*{f) with 
p*f G C[0''^s]'^. As noted in |BFGl Section 5.4], projection onto the first term gives 
an isomorphism C[0]'^ — > Cfg]*^ and so e_o • P*(/)|[jrog = Ga ■ />*(/) |(jrcg = 0. Thus 

C— aCo! ■ S p (/)|(jrcg ~ i^—aGa ' S |(jrcg)/- 

Now for X = {xi, . . . , Xn) G l)^^^ and v = {vi, . . . , Vn) S we have 

s'"{X,v) = \[{x,-Xjr{vi---Vnr. (8.2.5) 

If a is the elementary matrix a = Eij then 

e„ • {vl^ •■■<") = aivl^ ...v1^-^--- • • • -y^" for any e C. 

Thus 6-060 • s'"||^,.^g = w{w + l)s*"||^r^g and so 

e-aCa- g{X,v)\^,,^ = w{w + l)g{X,v)\^,,^. (8.2.6) 

Finally, observe that = 5"" . Thus combining (ISXTT) . ([8X1]) and (18:2:6]) produces 

the desired equation 

R«i(A,) = r^'A,r + E ^^^r - ^ (8^2.7) 

8.3. Recall from (|2.3p that we have identified H^t, with its image in * W under 

the Dunkl embedding. As in [EG, p. 281], we define a twisted Dunkl homomorphism 
e^^^"' : ^ ^(f^'-^s) *Why GS'''''(/i) = d-'"h6'" for h € H^. 

Recall further the Calogero-Moser operator defined by the formula 

r def . 1 sr^ {a, a) 

It was mentioned in [EG] pp. 281-2] that the Calogero-Moser operator lies in Gu?^'^'^(Hti,). 
We take this opportunity to give a complete proof of this assertion. In this computation 
we write dt = d/dxt for t > 1 and Xij = Xi — xj for i ^ j. Then ([2.3.ip gives 



t=i t=i ^ j<i ^ 

i=l ^ j<i ^ 



Now J-"' Y2=x dt = EILi ( dtS-"" + J2j<i w ^^^x^.'-^^ d'"" ) . Thus, we compute 



t=i ^ j<i ' 

= E (dtS-^dt + w^y^^d-^dt - r-2 

t=l ^ j<i j<i ^ 

34 



n . 



w- 



{yt, X 



5-'"di 



i 1 V • ^ • Xij . . Xij 1 

i=l ^ j<i j<i ^ij ' 

t=i ^ ^ j<i ^ 3<i ^ 

t=l ^ i<j,k<i ^'i^^^ j<i ^ 



t=l i<j,k<e ■' j<i ^1 



Here the middle term of the second-to-last line disappears since if we write the sum over 
the common denominator 5 then the numerator becomes a sign semi-invariant element in 
C[f)] of degree deg(5) — 2, and so is zero. We deduce that = ©^''^'^'^(X^ILi Dw{yt)'^e.), 
as claimed. 

For Cherednik algebras of type A one has {a, a) =2 and an easy computation shows 
that 5A(,5-i = A(, - J2aeR aWZ^"^ ■ Combined with (fSXTll this shows that 

r+iRad(Ag)r(-+i) = L.^ = G elP'::^y(H.(^+i)). 

Since Rad(Ag) is clearly H^-invariant we have therefore proved that 

Rad(Ag) € H^(^+,) = U_(^+i). (8.3.1) 

8.4. To calculate (part of) the kernel of Rad we just have to see what happens to the 
element r(l) € &{(3). As was observed in Section [27fl r(l) = — Y17=i ^iW'' where {cj} 
is a basis of V* C C[V]. It therefore follows from ([5X5]) that r(l) • s'" = -nivs"" . As 
before, r(l)p*(/) = for / G C[t)'''^ /W] and so r(l) • (s™p*(/)) = -nw(s"'p*(/). Thus 

Ker(Rad) D (^(0) • t(s[„))^ + ^(0)^(r(l) + u; TV(1)). (8.4.1) 

The right hand side of (j8.4.ip is the ideal (^(0)/_^) in the notation of Section [27 
and so 9^ does at least induce a homomorphism 9^ : 2)^^ —>■ U'^^s, 
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8.5. Proof of Theorem 18.11 The proof now follows a well-worn path similar to that of 
[EG! Theorem 4.8 and Proposition 4.9] or |BFGl Proposition 5.4.4]. Set c = —w and fH = 
Then (|8XT]1 shows that ^{Ag) G Uc-i. By the proof of [BFGl Proposition 5.4.4] 
this is enough to ensure that Im9^ = Uc-i- In fact that proof shows rather more: as 9\ 
is defined by restriction of differential operators it is certainly a filtered morphism and 
the proof of surjectivity in [BFG| is obtained by proving that the associated graded map 
grlH is surjective. Therefore, is filtered surjective and hence, by (j8.4.ip . so is 9^. 

It remains to prove that and gr9^ are injective. However, just as in the proof of 
Lemmaiai gr2)^ ^ (gr(^(6)/^(6)/c)) is a homomorphic image of 

gr^(0) 
_gr^(©)-grT(/,) 

where A4 is defined in (j4.3.ip and the final equality is [GG|, Lemma 2.11]. In other words, 
gr is a surjective morphism from a factor of C[P| x [)*]^ to gr Uc-i = C[f) x f)*]^. Thus 
it must be an isomorphism. This also forces 9^ to be an isomorphism. □ 
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